Abstract: We study in detail how four-dimensional local anomalies manifest themselves when the theory is compactified on a circle. By integrating out the Kaluza-Klein modes in a way that preserves the four-dimensional symmetries in the UV, we show that the three-dimensional theory contains field-dependent Chern-Simons terms that appear at one-loop. These vanish if and only if the four-dimensional anomaly is canceled, so the anomaly is not lost upon compactification. We extend this analysis to situations where anomalies are canceled through a Green-Schwarz mechanism. We then use these results to show automatic cancellation of local anomalies in F-theory compactifications that can be obtained as a limit of M-theory on a smooth Calabi-Yau fourfold with background flux.
Introduction
It is sometimes impossible to define the partition function of four-dimensional gauge theories due to the presence of local anomalies. These signal the breakdown of gauge invariance at one-loop and spoil unitarity. They can occur when chiral fermions charged under the gauge group are present, precisely because there is no UV regulator preserving both four-dimensional Lorentz and gauge invariance (for a pedagogical review, see [1] ).
If we consider an anomalous theory, not on R 4 , but on R 3 × S 1 , the behavior at short distances is exactly the same, so one faces the same problems in trying to define the theory, which is equally inconsistent. Thus, one cannot expect the theory to be well-defined for energies below the (inverse) compactification radius, even though the effective theory is three-dimensional -which does not allow for local gauge anomalies. In this paper we show explicitly that the effect of having a local gauge anomaly in four dimensions, appears as a field-dependent one-loop Chern-Simons term in three dimensions. In order to do so, we use a regulator for the four-dimensional theory on R 3 × S 1 that preserves four-dimensional Lorentz invariance at high energies. If we were to use a regulator that preserves only three-dimensional Lorentz invariance, we would not find these field-dependent Chern-Simons terms. This, however, would not correspond to a theory which is four-dimensional at high energies.
We first illustrate this in the simplest example, i.e. a chiral fermion charged under an Abelian gauge field on a circle. To begin with, we present a detailed account of the circle Kaluza-Klein reduction from four to three dimensions. Starting with a possibly anomalous four-dimensional theory, we show that integrating out the Kaluza-Klein modes generates a three-dimensional Chern-Simons term at one-loop, which depends continuously on the Coulomb branch parameter when anomalies are not canceled. We see that the precise form of this term depends crucially on the regularization scheme and argue that the proper scheme to pick is the one that respects the four-dimensional space-time symmetries. We also discuss the case in which the four-dimensional theory cancels the anomaly via a Green-Schwarz mechanism.
We then extend the discussion to the case in which the fermions are coupled to a background metric. More precisely, we present a detailed computation of the ChernSimons terms involving the Kaluza-Klein vector of the four-dimensional metric along the circle. Again we observe that one-loop Chern-Simons terms are gauge invariant if and only if four-dimensional local gauge anomalies are canceled. Even though we do not consider the mixed gauge-gravitational anomaly explicitly, we expect it to appear as a field-dependent gravitational Chern-Simons term in three dimensions, similarly to the cubic gauge anomaly.
As an application of this result, we show that local gauge anomalies cancel for fourdimensional F-theory compactifications that can be obtained as a limit of M-theory on a smooth Calabi-Yau fourfold with background flux. F-theory is often defined as a nonperturbative version of Type IIB string theory with seven-branes [2] . With our current understanding of this formulation, however, crucial questions especially concerning the effective actions arising in F-theory cannot be easily settled. Clearly, checking whether anomalies cancel is one of the most basic properties that can be analyzed for an Ftheory effective action. Focusing only on weakly coupled Type IIB string theory with D7-branes and O7-planes, it is well understood that the D-branes and fluxes need to be chosen such that they cancel tadpoles, see e.g. [3] [4] [5] . An analogous understanding for general seven-brane settings in F-theory is still lacking. Furthermore, at weak coupling, the demand for tadpole cancellation can be technically hard to implement, since it involves various choices for the D7-branes and flux. In contrast, the geometric approach to F-theory using elliptic fibrations already selects configurations that satisfy certain consistency conditions, which sometimes are not easy to interpret. For example, the anomaly conditions can be translated into geometric relations [6] [7] [8] [9] that can be checked for individual geometries but have not been proved generally. It is thus a pressing question, how exactly anomaly cancellation in the F-theory effective actions is encoded in the choice of geometry and flux.
To approach four-dimensional F-theory settings we use the fact that, when compactified on a circle, it is dual to M-theory compactified on a Calabi-Yau fourfold with flux. Thus, when the fourfold can be smoothed out, we may compute the three-dimensional effective action by dimensional reduction of eleven-dimensional supergravity [10, 11] . Using the results in the previous sections, we can rule out anomalies of the four-dimensional theory by simply looking at the three-dimensional effective action obtained in this way, and checking whether it contains field-dependent Chern-Simons terms. We find that, as expected, anomalies are canceled for this large class of models. This extends and clarifies the arguments given in [12, 13] , where F-theory anomaly cancellation was studied only using large gauge transformations around the circle.
We would like to point out that if one is only interested in studying how the fourdimensional anomalies arise after compactification, one may infer the three-dimensional (field-dependent) Chern-Simons terms in the effective action by demanding they reproduce the anomaly [14] [15] [16] . However, in order to compute the full effective action, it is necessary to use a regularization scheme like the one presented here. Thus, the fact that our computation yields such three-dimensional Chern-Simons terms can be regarded as a check of the technique itself which can then be used to compute more general quantities. In particular, it may be used in the context of F-theory compactifications to explore higher order corrections beyond anomalies.
The paper is organized as follows. In section 2 we consider compactification on a circle of a chiral fermion coupled to a U (1) gauge field. We discuss in detail the particular regulator that we use and compute the Chern-Simons terms that are generated at oneloop. We extend this analysis to a theory that includes a Green-Schwarz term. In section 3 we follow a similar strategy including the Kaluza-Klein vector, allowing us to partially treat the coupling to gravity. Our most general results are presented at the end of this section, where we discuss the case with multiple fermions coupled to a general gauge group, and multiple Green-Schwarz scalars. Finally, in section 4 we use these results to discuss the anomalies in four-dimensional effective theories coming from F-theory. Comparing the circle compactified theories with the dual M-theory description we show that local gauge anomalies are automatically canceled. We include many details of the computations in the appendices.
4D Chiral anomaly on a circle

Classical compactification
We start by performing the classical circle compactification of four-dimensional chiral fermions coupled to a gauge field. For simplicity we will consider for the moment just one left-handed fermion charged under a single U (1) gauge group. The action is
whereF = dÂ is the field strength of the gauge fieldÂ, whose coupling constant isĝ.ψ is a Dirac fermion, with charge q underÂ, and P L = 1 2
(1 + γ 5 ) is the chirality projector.
Four-dimensional quantities are denoted by a hat; later on, unhatted objects will be three-dimensional. We work with the 'mostly minus' signature.
As is well-known 1 , the theory (2.1) is anomalous, namely, the one-loop quantum effective action transforms under a gauge transformation,Â →Â + dλ, as
Including multiple left-handed fermions, one finds that the theory is anomaly free when a q 3 a = 0, with a running over the fermions. Since we are interested in showing the effects of having an anomaly when the theory is compactified on a circle, it is enough to consider a single fermion.
We take the space-time to be of the form R 3 × S 1 with metric
Here ds 2 is the flat metric in three dimensions and y ∼ y + 2π is a coordinate on the circle of radius r. The vectorÂ yields in R 3 a Kaluza-Klein (KK) tower of vectors A n and scalars ζ n . The fermionψ gives a KK tower of fermions ψ n . The massive vector and scalar modes, A n and ζ n , will not play any role in our discussion, essentially because they are not chiral and the anomaly is induced by chirality. The fermionic KK modes, on the other hand, are essential. Thus, we take the reduction Ansätze of the four-dimensional fields to beÂ 5) where the dots stand for the massive KK modes of the vectorÂ that we will ignore in the following. With these Ansätze, the three-dimensional action that one obtains from (2.1) is
where g is the three-dimensional effective coupling constant, which is defined as
Notice that the fermions in (2.6) are still 4-components spinors (but the projector P L effectively removes 2 components), and the gamma matrices are still 4 × 4 matrices, defined byγ µ = (γ a , 1 r γ 3 ). We could switch to a formulation with 2-components spinors and 2 × 2 gamma matrices [17] . However, it will be more convenient for us to keep working with this 4-components formulation.
From the action (2.6), one reads off the mass of ψ n to be n/r, as expected. In addition to this, in the Coulomb branch, i.e. when we give the scalar a vev ζ = ζ + χ, each mode receives an extra contribution to its mass, proportional to the vev, namely
This means that for generic values of ζ even the zero mode becomes massive. From now on, we will assume that ζ is non-zero and we will be interested in the Wilsonian effective action at an energy scale lower than m cb so the whole tower of fermions has to be integrated out.
Let us now briefly discuss the symmetries of the three-dimensional theory. Since we have a U (1) gauge field on R 3 × S 1 , the four-dimensional theory admits both small and -5 -large gauge transformations. More explicitly, dλ(x, y) decomposes as
From the three-dimensional perspective, the first term corresponds to gauge transformations of the massless vector, A → A + dλ, while the second term translates into a discrete shift symmetries of the scalar,
As can be seen from (2.2), the four-dimensional theory is not invariant under both these transformations, and therefore the three-dimensional theory is also expected to be non-invariant under both their three-dimensional counterparts. This will be a guiding principle for the remainder of this paper. We may compute the expected variation of the three-dimensional one-loop effective action by formally reducing (2.2) on the circle,
That is to say, we expect the three-dimensional effective action obtained after integrating out all the massive fermions to vary as (2.11) under the variations δA = dλ and δζ = n. We now turn to computing this effective action.
Integrating out the Kaluza-Klein modes
As explained in the previous subsection, we would like to compute the Wilsonian effective action at a scale below m cb , obtained by integrating out the whole KK tower of fermions. It is well-known that integrating out a single fermion of mass m and charge q in three dimensions generates a CS coupling,
Θ A ∧ F , with the CS coefficient being
Since the n-th KK mode has a mass m n = 1 r (n + q ζ ), integrating out the whole tower gives Θ = 2 Here we also ignore the higher modes ofλ which correspond to the gauge parameters of the massive gauge bosons. 3 The loop computation giving this result is included in appendix B.1.1.
This sum is divergent and can be regularized, for instance, using the zeta function regularization, as is done in [18, 19, 16, 20] (see appendix A for a detailed discussion of the regularization). 4 The result of the regularization is
While each term of the sum (2.13) is quantized, the result of the sum is not since the last term of (2.14) depends linearly on the continuous parameter ζ . This is due to the regularization and is a manifestation that our original theory was fourdimensional. Notice that the continuous term is proportional to q 3 , and would vanish for an anomaly free theory. This non-quantized CS coefficient is therefore a three-dimensional manifestation of the four-dimensional anomaly.
Notice that the result (2.14) is invariant under the shift (2.10). However, as we saw in the previous section, the three-dimensional effective action is not expected to be invariant under such shifts, cf. (2.11). More generally, as already explained in the introduction, we would like to regulate the theory in a way that respects the symmetries of the four-dimensional theory at high enough energies. It is not clear a priori whether the zeta function regularization satisfies this criterion or not. In the following, we will regulate the theory in a different way, which makes it clear that the result is compatible with the four-dimensional symmetries in the UV. The result will not be invariant under discrete shifts of the Coulomb branch parameter (2.10), in agreement with (2.11).
Integrating out the Kaluza-Klein modes, preserving the 4D symmetries
In order to regulate the three-dimensional effective action while preserving four-dimensional Lorentz invariance, the natural thing to do is to reduce a four-dimensional regulator on a circle, so we briefly review a four-dimensional regularization procedure.
The regulator we consider in four dimensions is a non-gauge invariant version of the Pauli-Villars (PV) regularization. It normally consists in introducing a set of new particles with possibly different statistics and large mass M s . However in our case (2.1) chirality prevents from adding a mass term, so one has to include a right-handed fermion as well, which does not couple to the gauge field, therefore breaking gauge invariance [23] 4 The use of zeta function regularization in the study of anomalies and dimensional reduction has already been investigated in the past, see for instance [21, 22] . 5 One can also obtain this result by introducing a set of three-dimensional Pauli-Villars particles for each KK mode, which render the sum (2.13) finite. This is done in appendix B.1. (see [1] for a pedagogical review). This is precisely the anomaly: one is able to regulate the theory only if one gives up on gauge invariance. Concretely, we replace the original Lagrangian (2.1) by
with M 0 = 0 and
2 s = 0, and then take the limit in which M s goes to infinity for s = 1, 2, 3. The case s = 0 formally defines the same theory as (2.1). 6 Notice that this Lagrangian breaks gauge invariance explicitly which (for an anomalous theory as the one we are analyzing) persists even in the limit where we decouple the PV particles. In particular, the triangle diagram using this Lagrangian gives the consistent anomaly [23] .
Reducing the regularized theory (2.15) on a circle using the Ansätze (2.4), we find
For s = 0, this theory is formally the same as the one given in (2.6). The three other KK-towers, for which M s = 0, provide a three-dimensional regulator that preserves four-dimensional Lorentz invariance (by construction), but explicitly breaks small gauge transformations as well as the shift symmetry of the scalar.
At this point, we may compute the one-loop diagrams of figure 1 using the Feynman rules derived from (2.16) to find the effective action in three dimensions. The details of this computation are presented in appendix B.1.1, where we find that
The bold superscript reg indicates that we used a different regularization than before. Notice that we included both the constant term coming from the diagram 1a as well as the field-dependent term coming from the triangle diagram 1b. Thus, we find a field-dependent CS coefficient which violates gauge invariance. In particular, under a (small) gauge transformation of the three-dimensional gauge field, A → A + dλ, as well as a discrete shift of the scalar, ζ → ζ + n, we find precisely (2.11).
Anomaly Inflow
We have presented two different ways of regularizaring the loop diagrams, the first one yielding a gauge invariant effective action, and the second one a non gauge-invariant effective action. We now briefly discuss how the two are related, following [14, 16] .
The chiral theory we started with in subsection (2.1) is non gauge-invariant at one-loop, with variation given by (2.2). This variation can be canceled by adding a term in the action of the form
where ∂M 5 = R 4 and the field A (5) is an extension of the four-dimensional gauge field to M 5 . Under a gauge transformation we have that 20) which cancels (2.2). This means that if one considers the four-dimensional theory (2.1) together with this 5D CS term (2.19), the full theory is gauge invariant. For constant ζ (= ζ ), we may compactify this gauge invariant action on a circle, which leads to the covariant effective action, as opposed to the consistent one given in (2.17). Taking
, we find that
which is precisely the difference between the result obtained by using the zeta-function regularization (2.14) and the (non gauge invariant) PV regularization (2.18), for constant ζ. Thus, the former one gives the covariant effective action, while the latter gives the consistent effective action, the two being related through anomaly inflow,
Chern-Simons coefficient for an anomaly-free theory
Let us consider now the case in which anomalies are canceled, i.e. a q 3 a = 0. In that case, the consistent and covariant effective actions coincide (the anomaly inflow piece vanishes), and are gauge invariant, as expected. The CS coefficient is then
where we included N f fermions ψ a , a = 1, . . . , N f , with charges q a . At first sight this CS coefficient might not look integer since it includes the sum of half-integer numbers. However, the anomaly conditions ensures that this does not happen. Indeed, since q
a mod 2 for all a, we have that a q 3 a = 0 implies a q 2 a ≡ 0 mod 2, so the CS coefficient is integer. Furthermore, the anomaly condition makes the result invariant under discrete shifts of the Coulomb branch parameter. Indeed, under a shift ζ → ζ + n, the variation of (2.23) is a q 3 a and therefore vanishes. In figure 2 , we plot the value of Θ af as a function of ζ for a concrete example of a theory canceling the pure gauge anomaly, namely the fermions of the Standard Model charged under the hypercharge U (1). The value of Θ af jumps at the points of the Coulomb branch where q a ζ ∈ Z, at which at least one of the fermions becomes massless. At those points, the Wilsonian effective action breaks down since we integrated out a massless field.
Green-Schwarz mechanism
In this section we discuss the more general case in which the four-dimensional theory contains Green-Schwarz terms. These will be important when we discuss F-theory compactifications in section 4 since in that case one typically finds that anomalies are canceled by the appearance of such terms.
We denote byρ the scalar field of the Green-Schwarz mechanism, which is gauged through the covariant derivativeDρ = dρ − θÂ, from which one reads its variation under . The red points denote the values of ζ for which some q a ζ ∈ Z, where at least a fermion is massless. a gauge transformation δρ = θλ. We then add to the action 2.1 the non gauge invariant term
In our conventions the scalar is periodicρ ∼ρ + 1/ĝ and θ is integer. The variation of (2.24) under a gauge transformation is 25) such that the anomaly cancellation condition (for multiple fermions) reads
We now reduce the term (2.24) on a circle using the following Ansatz forρ, 27) where f ∈ Z is the flux along the circle [12] . We find
We now wish to check that the variation of this action indeed cancels the variation of the three-dimensional one-loop consistent effective action, which we obtained in (2.18), and whose variation was already inferred in (2.11). In the same way that the four-dimensional gauge transformations induce three-dimensional gauge transformations and discrete shifts of the scalar, the variation of the four-dimensional scalarρ induces variations of the three-dimensional scalar δρ = θλ and discrete shifts of the flux δf = n θ. Then (2.28) varies as 29) which, using the relation (2.26), indeed cancels with (2.11), once again showing that the three-dimensional consistent effective action is gauge invariant if and only if fourdimensional anomalies are canceled.
In three dimensions, a scalar with a shift symmetry is dual to a vector, so one may dualize the scalar ρ into a vectorÃ. This dualization is in fact crucial for matching the three-dimensional theory with the reduction of M-theory on a fourfold, as is explained in section 4. On top of that, it also makes the anomaly condition more manifest: in that frame, the CS coefficients are integers if and only if (2.26) is satisfied. After dualization, one finds the three-dimensional effective action contains the CS terms
We see that the action contains field-dependent CS terms which cancel if and only if anomalies are canceled.
In the case of an anomaly free theory, the CS coupling is (for the case of multiple fermions)
where f is an integer. At this point, it might not be clear at first sight that (2.31) is an integer, since a q 3 a is not zero so the argument given below (2.23) does not apply anymore. However, since the scalar is periodic with period 1/ĝ, C must be a multiple of 3 when the four-dimensional manifold is spin and a multiple of 6 in case it is spin c .
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In the former case, one cannot say anything about q 2 , consistent with the fact that on spin manifolds one can define CS theories at half-integer level [24] . In the latter case, the anomaly cancellation condition implies that a q same argument as below eq. (2.23) we conclude that the CS levels are (half)-integers, as required for consistency.
3 4D Chiral anomaly on a circle, including gravity
Classical compactification
In section 2 we assumed the space to be flat. In the present section, we consider the case in which the fermion couples to a background metric and take into account the KK vector that appears once we compactify on a circle. The starting point is the four-dimensional action
whereω =ωμνγμν is the spin connection (barred indices indicate flat indices). In addition to the previous pure gauge anomaly (2.2) , this theory also has a mixed gauge-gravity anomaly, which involves a triangle diagram where two of the external legs are gravitons. The variation of the 1PI effective action is then
whereR = dω +ω ∧ω is the curvature 2-form. In order to be anomaly free, a theory with multiple fermions coupled to gravity and with charges q a under a U (1) must therefore satisfy
We proceed to reduce this theory on a circle with metric
where A 0 is the KK vector or graviphoton with field strength F 0 = dA 0 . A choice of vielbein for this metric isêā
so the γ-matrices with world indices are given in terms of the flat γ-matrices bŷ
For the spin connection, one finds that
where ∂ā = e ā a ∂ a . Concerning the Ansätze of the fields, we modify the Ansatz forÂ tô 8) and keep the one forψ unchanged.
The reduction of the action (3.1) is
As before, the mass of the n-th KK mode is m n = 1 r (n + q ζ ) in the CB. We see that the n-th KK mode has charge n under the graviphoton, as expected. In addition, we find a Pauli coupling ∼ F 0ψ ψ between the fermions and A 0 .
One could proceed as in section 2 and reduce the gauge variation of the 1PI action (2.2) including the new Ansatz forÂ, and get the expected three-dimensional variation, but by now the logic is clear and we proceed directly to integrating out the KK-tower of fermions in three dimensions.
Integrating out the Kaluza-Klein modes
Integrating out the massive fermions in three dimensions induces CS couplings and when the coupling to gravity is taken into account there can be three types of couplings, namely
Using the formula (2.12) with q = n for A 0 , we find the following expressions for the Θ
11)
The zeta-function regularization of these sums is (see appendix A)
(3.12)
We can also obtain these results by regulating the one-loop diagrams that produce eqs. (3.11), using Pauli-Villars regularization in three dimensions. We then have to introduce a set of three PV regulators for each KK-mode, as shown in appendix B.1. We see once again that for an anomalous theory, the CS coefficients depend continuously on the Coulomb branch parameter ζ . This dependence drops when anomalies are canceled.
Let us look now at the transformations of these Θ's under large gauge transformations of the four-dimensional vector, δÂ = 1 g n dy. From (3.8), we see that such a transformation acts on the three-dimensional fields as
Thus, the CS coefficients shift as
(3.14)
One can check that under the transformations (3.13), together with these shifts (3.14), the CS Lagrangian (3.10) is invariant. For an anomalous theory, one does not expect the three-dimensional Lagrangian to be invariant under gauge transformations and, in particular, it should not be invariant under these shifts. However, the CS terms (3.12) do make the three-dimensional action invariant, similarly to the discussion below eq. (2.14).
In order to find the CS coefficients that correctly reproduce the anomalous variation under gauge transformations, we have to regularize the theory using the (non gauge-invariant) PV regulator that comes from four dimensions, which we discuss in the following.
Integrating out the Kaluza-Klein modes, preserving the 4D symmetries
In this case we use the same regulator as in (2.15), but with the coupling to gravity included,
Reducing this action on a circle we find
From this action, one can extract the Feynman rules and compute the diagrams of figure 3, which is done in detail in appendix B.2. We note that the Pauli coupling ∼ F 0ψ n ψ n has to be included in the computation of the diagram. 11 The resulting 11 This only contributes to the divergent terms which precisely cancel the divergence coming from the minimal coupling nA 0ψ n ψ n , making the final result finite. A similar observation was also made in [25] .
one-loop CS coefficients are indeed different from those in (3.12); they read
q ζ ,
q ζ ( q ζ + 1)(2 q ζ + 1) .
(3.17)
Once again, we see that the regularization procedure we used gives CS terms which are field-dependent, making the effective action not invariant under small gauge transformations. In addition, these coefficients do not shift like (3.14), and the CS Lagrangian (3.10) is not invariant under (3.13), as expected for an anomalous theory. One can check that its variation matches with the circle reduction of the variation (3.2), using the Ansatz (3.8). This tells us that the coefficients (3.17) lead to the consistent effective action.
Anomaly inflow
The relation between covariant and consistent effective actions, through anomaly inflow, as was briefly explained in section 2.4, can be generalized to curved backgrounds [14, 16] . In this case, eq. (2.21) gets extended to 18) which is precisely the difference between (3.12) and (3.17), meaning that the relation (2.22) also holds for Θ 0 and Θ 00 .
Chern-Simons coefficients for an anomaly-free theory
As already noted above, the field-dependent terms in the Θ's are all proportional to the anomaly coefficient q 3 , so in a theory canceling the pure gauge anomaly, i.e when a q 3 a = 0 (recall that a labels the different fermions), we find
+ q a ζ ,
q a ζ ( q a ζ + 1)(2 q a ζ + 1) .
(3.19)
These CS terms were already found in [12] and several important aspects were previously discussed in [19, 8, [14] [15] [16] 20] . The CS coefficients (3.19) are discrete and are also in fact integers, as follows. We showed in section 2 that 1 2 a q 2 a ∈ Z. However, the term −
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a q a is in general half integer 12 so seems that Θ af 0 might not be integer. However, for a four-dimensional theory (coupled to gravity) to be consistent, it needs to cancel both the cubic Abelian anomaly (3.3a) as well as the mixed gauge-gravitational anomaly (3.3b). In that case, this term vanishes and the three Θ's in (3.19) are integers. In contrast, in a theory that does not cancel the mixed anomaly Θ 0 could be half integer, signaling an inconsistency if the manifold is spin c . However this is not guaranteed, it could happen that a q a ≡ 0 mod 12, thus the 3D gauge CS terms being consistent, whilst having an anomalous four-dimensional theory. Notice that here we are only computing CS terms for the vectors A and A 0 but, in principle, one could also compute the three-dimensional gravitational CS term, introduced below in (3.25). We expect this to be field-dependent when the mixed gauge-gravitational anomaly is not canceled, signaling the inconsistency in four-dimensional.
Green-Schwarz mechanism
In this section we include the possibility of having Green-Schwarz terms in four dimensions, both for the pure gauge anomaly and the mixed one. That is, we add to the action (3.1) the non gauge invariant term 20) whose variation cancels with (3.2) if and only if the Green-Schwarz parameters C and a satisfy the conditions
Upon reduction on a circle, only the term ∼F ∧F contributes to the CS coupling. Using the Ansatz (3.8) forÂ and (2.27) forρ, we find the following CS piece (after dualizing ρ into a vectorÃ) The two terms that depend on ζ combine with the consistent one-loop terms found in (3.17) so the full CS terms 13 in the three-dimensional effective action is
(3.24)
Again we find that the field-dependent contribution to the terms are multiplied by the anomaly (3.21), meaning that they vanish if and only if anomalies cancel. In order to see that the remaining CS coefficients are integers, we again notice that Green-Schwarz parameters have to satisfy C ≡ 0 mod 6 and a ≡ 0 mod 12 when the manifold is spin c and C ≡ 0 mod 3 and a ≡ 0 mod 6 when the manifold is spin. This implies that the CS levels are integers in the former case and half-integer in the latter.
General case
In this section we consider the generalization of the previous analysis to the case with multiple fermions charged under multiple abelian gauge fields. In order to also include non-abelian gauge theories, we note that for such theories, once we compactify on a circle and go to a generic point in the Coulomb branch, the gauge group gets broken to its Cartan subgroup. Anomaly cancellation can then be inferred by focusing on the abelian subsector and following the analysis below.
We thus proceed to generalize the actions (3.1) and (3.20) ∧ω ∧ω (3.25) can additionally be considered. The four-dimensional action that we consider in this 13 Involving only A and A 0 , notÃ.
section is then
The one-loop variation of this action is 27) which is the generalization of (3.2). Its classical variation, on the other hand, reads
28) such that anomaly cancellation conditions take the form
We now want to compactify this action on a circle, go to the Coulomb branch, and integrate out the massive fermions, again regularizing while preserving four-dimensional Lorentz invariance, as is done earlier in the text. The resulting one-loop CS couplings are
The Green-Schwarz and generalized CS terms also yield three-dimensional CS couplings upon circle reduction, and dualization of the scalars ρ α into vectorsÃ α . The resulting classical CS coefficients are
Combining (3.30) and (3.31), we find that the field-dependent CS coefficients are
so they are proportional to the anomaly (3.29a), and therefore vanish in an anomaly free theory. We again find that the remaining CS coefficients are (half)-integers.
M-theory reduction with G -flux
In order to obtain effective actions of F-theory, we use the definition of F-theory as a special limit of M-theory. Note that M-theory on a Calabi-Yau fourfold with flux yields a three-dimensional N = 2 effective theory [27] . Considering the fourfold to be two-torus fibered then a four-dimensional effective action is obtained in the limit of vanishing torus fiber. However is not known how to perform this singular limit, since non-perturbative states of M-theory become relevant. Therefore, we rather infer information about the four-dimensional theory by comparing the three-dimensional N = 2 theory obtained from M-theory with the circle compactification of a generic four-dimensional N = 1 theory [11, 28] . In the process of compactifying the four-dimensional theory on a circle, going into the Coulomb branch and computing the Wilsonian effective action, one might loose information. Nevertheless, one can compare this three-dimensional effective action with the one obtained by standard dimensional reduction of eleven-dimensional supergravity on a smoothed Calabi-Yau fourfold with flux [29, 30] .
As we have seen in previous sections, an anomalous theory in four dimensions, once compactified on a circle, generates field-dependent CS couplings, which are not gauge invariant. In fact, these field-dependence drops if and only if anomalies cancel in the four-dimensional theory. So, as far as anomalies are concerned, the information is not lost upon circle compactification. This means that, instead of worrying about proving anomaly cancellation in four dimensions, we may use the indirect and general approach of dimensional reduction of eleven-dimensional supergravity on a smooth Calabi-Yau fourfold with flux. As we will recall below, no such field-dependent CS terms are found in this reduction, such that the four-dimensional theory obtained from compactification of F-theory is free from local anomalies. This proof, of course, requires the existence of a smooth Calabi-Yau fourfold with background flux which describes the F-theory setting in the singular limit, which is not always the case, see for instance [31] [32] [33] [34] [35] [36] [37] .
In the following we briefly review the dimensional reduction of eleven-dimensional supergravity on a Calabi-Yau fourfold Y 4 including G 4 -flux [29, 30] . The bosonic action is given by [38] 
Since we are interested in the CS terms that appear in the three-dimensional effective theory, it is enough to consider the dimensional reduction of the eleven-dimensional CS term which involves only the three-form C 3 . We may consider the following reduction Ansatz
where ω Σ is a basis of harmonic two-forms in Y 4 and Ψ A is a basis of (2, 1)-forms. Here A Σ are three-dimensional vectors and N A are complex scalars. The background value of C 3 is such that G 4 = dC 3 is an appropriately quantized four-form in Y 4 [39] . Using this Ansatz, one can readily reduce the last term in (4.1) which gives the topological terms
The CS terms are the first term in (4.3), which are clearly field-independent, since the Θ ΣΛ are intersection numbers. Furthermore, the quantization of the G 4 -flux translates into the quantization of the Chern-Simons. The derivatives DN A in (4.3) contain the coupling to complex structure moduli but no gaugings by the vectors A Σ (see e.g. [40] ).
Therefore the second term does not include further CS couplings.
In general, the three-dimensional action (4.3) is not in the correct frame to match with the circle reduction of a general 4D N = 1 supergravity theory: some of the scalars correspond to vectors in 4D, and vice-versa. Thus performing a field dualisation in 3D is required to lift to 4D (see [40] for a more detailed discussion). However, since the action (4.3) is completely gauge invariant, it will remain so after dualization.
This corresponds, therefore, to the circle compactification of an anomaly-free theory, as expected. This concludes the proof that four-dimensional F-theory compactifications that can be obtained as a limit of M-theory on a smooth Calabi-Yau fourfold with background flux have no local anomalies.
Let us close this section with some remarks on the implications and extensions of our result. Firstly, we note that, under our assumptions, the geometric relations derived from assuming gauge anomaly cancellation found in [8, 9] are indeed satisfied. Secondly, our strategy might also be used to translate flux quantization conditions in M-theory to flux quantization conditions in type IIB string theory with seven-branes, which has been previously discussed from a different perspective in [41, 42] . Thirdly, it is important to stress that we did not discuss the cancellation of anomalies of geometrically massive U (1)'s. They can be included [43] [44] [45] [46] and lead to a gauging of the complex fields N A in the effective Lagrangian (4.3). It would be interesting to extend our discussion to this case.
Conclusion and Outlook
The cancellation of local anomalies is of crucial importance to ensure the quantum consistency of a gauge theory. In four-dimensional gauge theories such local anomalies arise from chiral fermions and lead to an associated chiral anomaly via one-loop diagrams. In contrast, it is well-known that there are no local anomalies in odd-dimensional theories. This immediately raises the question: Where is the information about the four-dimensional anomaly once the theory is compactified to three dimensions?
In this work, we have answered this question for a four-dimensional gauge theory with chiral fermions and the inclusion of a possible Green-Schwarz mechanism. We have shown that the four-dimensional chiral anomaly is visible after compactification in the form of the classical and one-loop Chern-Simons terms. It was hereby crucial that (1) all Kaluza-Klein modes of the chiral fermions are included in the one-loop diagrams, and that (2) a regularization scheme is used that preserves four-dimensional Lorentz invariance. We have thus performed the compactification of the four-dimensional (non gauge-invariant version of) Pauli-Villars regulators. We contrasted this with the regularization using zeta-functions, which also yields a finite result but removes part of the information about the four-dimensional anomalies; it relates to our regularization through an anomaly inflow analysis. As a non-trivial check of our one-loop results, we have also extended the discussions to include four-dimensional Green-Schwarz couplings, generalized Chern-Simons couplings, as well as three-dimensional Chern-Simons terms involving the Kaluza-Klein vector arising from the metric. Altogether, we were thus able to show that the cancellation of four-dimensional local gauge anomalies is equivalent to demanding that appropriately regularized Chern-Simons terms are gauge invariant.
In the final part of this work we have given a first interesting application of our results. We recalled that general four-dimensional F-theory effective actions are related to an M-theory compactification after a circle compactification. Therefore, we can reliably test the anomalies of F-theory effective actions by analyzing the M-theory effective action in three dimensions. The latter can be determined using eleven-dimensional supergravity if the F-theory Calabi-Yau geometry can be fully resolved preserving the Calabi-Yau condition and all information about the chiral spectrum is captured by a four-form flux on this resolved space. It is then straightforward to check that the three-dimensional Chern-Simons terms from M-theory are gauge invariant and hence four-dimensional anomalies are always canceled for these settings. This implies that studying F-theory models via M-theory the consistency conditions required for gauge anomaly cancellation are implemented automatically, if a resolved Calabi-Yau geometry with a four-form flux background exists. We expect that this result similarly holds for F-theory effective actions in six-dimensions. More precisely, we expect that if the F-theory compactification geometry can be fully resolved preserving the Calabi-Yau property, the six-dimensional theory is anomaly free. In general, we believe that our results and the developed perspective will help us to deepen our understanding of the M-theory to F-theory limit and eventually allow us to investigate other general properties of F-theory effective actions in various dimensions.
There are several interesting open problems left for future research. Firstly, it is interesting to extend this analysis to other dimensions and to other compactification spaces. A natural next step is a generalization to circle compactifications of six-dimensional theories. In this case, it will be crucial to also include tensor modes in the five-dimensional one-loop computations of the Chern-Simons terms [25] . While the general expressions for anomaly free theories have been given in [12] , it remains to compute the non-gaugeinvariant pieces when starting with an anomalous theory, see however [16] for an analysis using anomaly matching. Secondly, it is also important to extend our analysis to include other anomalies. For example, it is interesting to ask how global anomalies are manifest in the lower-dimensional theory. It is also a pressing open question to study the mixed gauge-gravitational anomaly, which will require the investigation of the gravitational Chern-Simon coupling. We hope to return to this in future work.
A Regularization of the sums
In this appendix, we regularize the sums (3.11) (the first of which already appears in (2.13))
where we defined µ = q ζ . First we note that for n ∈ Z,
In particular, decomposing µ = µ + µ in its fractional part µ and its integral part µ , we have
such that we only need to compute the S i (µ) for µ ∈ (0, 1).
In oder to regulate the sums in (A.1), we use a method related to the zeta function regularization, namely we first multiply the argument of the sums by n + µ −s , making the sums convergent, and after evaluating them, we take the analytic continuation to s = 0. The result can be written as
−s is the Hurwitz zeta function. When s is a negative integer, it reduces to the Bernoulli polynomials
Using the explicit forms of those polynomials, the results (A.4) become
(A.6)
Substituting those in eqs. (A.3), we obtain expressions of the regularized sums holding for generic µ / ∈ Z,
(A.7)
Another method of regularizing the sums (A.1) is to make use of the Poisson summation formula, n∈Z f (n) = k∈Zf (k), wheref is the Fourrier transform of f , and then to remove the zero mode k = 0, which captures all the divergence of the series (at least in these cases). Using the Fourrier transform of the sign function,ŝ gn(k) = 1/iπk, and the propertyf (k + µ) =f (k) e 2πikµ , we directly obtain 
B Evaluation of the Feynman diagrams
In this appendix, we evaluate the one-loop Feynman diagrams displayed in figures 1a and 3, with the whole KK tower of fermions running in the loops. They contribute to the Wilsonian effective action by (in momentum space)
where S k is the propagator of a fermion with momentum k, the external fields have momentum p, and V a and V a 0 are the vertices between two fermions and A a and A 0 a respectively. Note that V 0 depends on p, due to the Pauli term.
As they stand, the expressions (B.1) are divergent, so we need to regulate them. We will use Pauli-Villars regularization, which consists in adding for each fermion extra massive ones, with possibly different statistic (i.e. without the usual minus sign for a fermionic loop), evaluate the diagrams with those extra fermion running in the loop, and finally, take their masses to infinity. In our case, three extra particles are needed, and their masses M s , s = 1, 2, 3, must satisfy
2 satisfies this condition, and we will make that choice in the following; we also define M 0 = 0 for ease of notation. The regularized expressions of the Γ's in (B.1) are therefore
where S s k is the propagator of a PV fermion with momentum k and mass M s . We will use this PV regularization through two different approaches. The first one is a purely three-dimensional regularization (which reproduces previously known results), whilst in the second one, the regulator preserves four-dimensional Lorentz invariance (leading to new results). For the three-dimensional regularization, we must add the 3 PV massive particles to each KK-fermion, whereas in the second case, we only add them to the single four-dimensional fermion and reduce on a circle; this of course also produces a fermionic KK-tower where each mode comes with its regulators. However, as we will shortly see, the two approaches are not equivalent. As explained in the main text, the latter is the appropriate thing to do if the theory comes from the circle reduction of a four-dimensional theory, for regularization is a process taking place in the UV of the theory.
In both approaches, we will use a "four-dimensional formalism", that is, where the γ-matrices are 4 × 4, making the comparison between the two approaches easier. Also, we will do everything including gravity (thus matching with section 3), but if one is just interested in the coupling A ∧ F (i.e. matching with section (2)), one can simply take A 0 = 0.
B.1 3D regularization
As just explained, for our first regularization method, we start from the action (3.9), to which we add 3 PV particles for each mode, thus obtaining the following action
where m n = 1 r (n + q ζ ) in the CB. The Feynman rules read
where k is the momentum of ψ n and p the one of A 0 . We now proceed to compute the diagrams, using these propagator and vertices for evaluating the traces in (B.2).
B.1.1 The A − A diagram
Evaluating the trace in (B.2a), using the Feynman rules (B.4), and restricting to the piece, we find Here we pause for a moment, and look at what we would have obtained for a single KK-mode, i.e. if we drop the sum over n. The last two terms die in the limit M → ∞ and we are left with 1 2 q 2 sign(m n ), which is the result stated in (2.12). 14 However when the whole sum is considered, those last two terms in (B.6) are needed to obtain a finite result. Moreover, one first has to sum over n and then take the limit M → ∞. Taking opposite order, we would find the divergent sum (2.13), which, as mentioned, can be regularized to give (2.14) (see appendix A). But, as written, the sum in (B.6) is finite for every non-zero M and taking the limit M → ∞ the result agrees with (2.14), i.e. where we used the notation µ = q ζ . In the second part B.2.1 of this appendix, we compute the same diagram using a regularization that preserve the 4D symmetries, and find a different result. The same is true for the other diagrams. q n sign(m n ), which was expected (from eq. (2.12) with one q replaced by n). One could think that the second coupling would modify that result, but we will see that this is not the case. Performing the integral, we find The first line in (B.9) comes from the minimal coupling and is just obtained by replacing one of the q's in (B.6) by an n. The second line comes from the Pauli coupling, and it has the sole effect of making the whole sum finite, but it is nevertheless crucial that it is taken into account. Performing the sum and then the limit M → ∞, we find the same result as the one obtained by regularizing the second sum in (3.11), using e.g. zeta-function regularization (see appendix A), that is, where we use the notation µ = q ζ . The Feynman rules read
B.1.2 The
where k is the momentum of ψ n and p the one of A 0 . We now proceed to compute the diagrams, using these propagator and vertices for evaluating the traces in (B.2). In order to do so, one needs to invert the matrix in (B.15a). Since this propagator is non-standard, we present here the result. Defining
(B.16) (notice that b k is nothing but the denominator that appeared in the previous section, namely in eqs. (B.5), (B.8), and (B.11)), we find
(B.17)
In order to compute the traces, the following identities are useful 18) where the slashes mean contraction with four-dimensional flat gamma matrices / k = γμkμ.
B.2.1 The A − A diagram
Evaluating the trace in (B.2a), using the Feynman rules (B.15), and restricting to the piece, we find which is again the anomaly inflow piece. The total result thus is Γ ab 00,reg | = 1 4π abc p c 1 6 µ ( µ + 1)(2 µ + 1) , (B.33) which is the result stated in (3.17).
